MODULI OF PT-SEMISTABLE OBJECTS II 



JASON LO 

Abstract. We generalise the techniques of semistable reduction for flat families of sheaves 
to the setting of the derived category D''(X) of coherent sheaves on a smooth projective 
three-fold X. Then we construct the moduli of PT-semistable objects in D''(X) as an Artin 
stack of finite type that is universally closed. In the absence of strictly semistable objects, 
we construct the moduli as a proper algebraic space of finite type. 



1. Introduction 

In this paper, we continue our study of PT-semistable objects and the construction of 
their moduli spaces, using the results established in |Lo|. In |Lo], boundedness of the 
moduli of PT-semistable objects was established. We also showed that the stack of objects 
in the heart used for PT-stability is universally closed, and proved a series of technical 
lemmas that will now be applied. 

Using semistable reduction in the derived category, we now show that PT-semistability 
is an open property for a flat family of complexes. This enables us to construct Artin stacks 
of PT-semistable objects that are of finite type and universally closed. When there are no 
strictly semistable objects, we construct proper algebraic spaces of finite type parametris- 
ing PT-stable objects. Overall, we not only have moduli stacks of objects of any Chern 
classes in the derived category on three-folds, but also offer a perspective of higher-rank 
analogues of stable pairs studied in [PT| (see also ]Bay[ Proposition 6.1.1]). 

In precise terms, our main theorem is: 

Theorem 1.1. Let (X, H) be a polarised smooth projective three-fold over k. 

(1) The PT-semistable objects on X of any fixed Chern character form a universally 
closed Artin stack of finite type. The stack is a substack of Lieblich's Artin stack of 
universally gluable complexes - see |Lie|. 

(2) When there are no strictly semistable objects, the PT-semistable objects on X of 
any fixed Chern character form an algebraic space of finite type that satisfies the 
valuative criterion for properness for an arbitrary discrete valuation ring. The 
algebraic space is a subfunctor of Inaba's algebraic space of simple complexes - 
see llnal . 
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Although many of the arguments here are written down only for a particular polynomial 
stability, namely PT-stability on three-folds, the same proofs apply to Gieseker stability for 
sheaves if one replaces our t-structure by the standard t-structure. The techniques in this 
paper should also work for a wider class of stability conditions, and on higher-dimensional 
varieties. 

1.1. Related Work. Semistable reduction for sheaves is originally due to Langton BLanL 
while polynomial stabilities were first defined by Bayer fBayl. In the case of smooth 
projective three-folds X, no examples of Bridgeland stability conditions on D'\X) have 
been constructed for an arbitrary X. As approximations of Bridgeland stability conditions 
on three-folds, Bayer |Bay | and Toda IITodlll independently came up with the notions of 
polynomial stability and limit stability, respectively. 

In Bayer's paper, he introduced a class of polynomial stability conditions on normal 
projective varieties, which includes Toda's limit stability (in fact, Toda's stability acts 
as a wall in the wall-crossing in | |Bay[ ) as well as Gieseker stability for sheaves. One 
of the main results in Bayer | |Bay[ Proposition 6.1.1] states that, for objects in the heart 
J[P = <Coh<i(X),Coh>2(X)[l]> with ch = (-1,0,/?, n) and trivial determinant, the stable 
objects with respect to a particular polynomial stability function are precisely the stable 
pairs described in Pandharipande and Thomas's work IPTI : for this reason, this particular 
stability function is called the PT-stability function in fBayl. The moduli space of such 
stable pairs has been constructed by Le Potier lPot| using geometric invariant theory (GIT) 
and shown to be projective. In general, however, it is not clear how to apply GIT to objects 
in the derived category, because very different-looking complexes can be isomorphic in the 
derived category. 

In Toda's paper ITodlL he showed that the moduli space of limit-stable objects in J^C of 
ch - (- 1 , 0,y6, n) and trivial determinant on a Calabi-Yau three-fold is a separated algebraic 
space of finite type UTodll Theorem 3.20]. 

There were earlier examples of moduli spaces of objects in the derived category that sat- 
isfy the valuative criterion for properness. For example, in Abramovich and Polishchuk's 
work |AP|, they showed that the valuative criteria for separatedness and properness for 
Bridgeland-stable objects hold, under the assumption that the heart of t-structure in the 
stability condition is Noetherian, which JV' is not. (The techniques in [AP | were gener- 
alised in MPoll ■) On the other hand, Arcara-Bertram-Lieblich constructed projective mod- 
uli spaces of rank-zero Bridgeland-stable derived objects on surfaces with trivial canonical 
bundle fABL]. We note that the idea of elementary modifications for objects in the derived 
category has already appeared in lABLI . 

In the case of K3 and abelian surfaces X, Toda showed in |Tod2| that for stabilities 
cr lying in a particular connected component of the space Stab(X) of Bridgeland stability 
conditions, the moduli of semistable objects with respect to cr of any given numerical type 
and phrase is an Artin stack of finite-type. 

1.2. Notation. The notations in this paper are the same as those in fLo]. For convenience, 
we provide a summary of the notations we use. More details can be found in ILo^. 

Throughout this paper, k will be an algebraically closed field of characteristic 0. And 
R will denote a discrete valuation ring (DVR), not necessarily complete, with uniformiser 
n and field of fractions K. Unless specified, X will always denote a smooth projective 
three-fold over k. 
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We will write Xr :- X (Sk R, and Xk '■- X igiR K. For any integer m > 1, let :— 
X®kRln"', and let 

l-m '■ Xr 

denote the closed immersion. We will often write l for li, and X^ for the central fibre of 
Xr. For integers 1 < m' < m, let 

denote the closed immersion. We also write 

J-.Xk^ Xr 

for the open immersion. 

Note that the pushforward functor u : Coh(Xk) Coh(XR) is exact, while the pullback 
t* : Coh(Xs) —> Coh(X) is right-exact. Similarly for the pushforward t„,_„/^. On the other 
hand, / : CoHXr) Coh{XK) is exact. 

For a Noetherian scheme Y, we will always write Kom(F) for the category of chain 
complexes of coherent sheaves on Y, D'^{Y) for the bounded derived category of coherent 
sheaves, and D{Y) for the unbounded derived category of coherent sheaves. If Y is of 
dimension n, then for any integer < t/ < n, we define 

Coh<d{Y) = {£■ e Coh(y) : dimSuppfi < d] 
Coh>rf+i(y) = {£ e Coh(y) : HomcohdoC^^, = for all F e Coh<rf(F))- 

Then {Co\\<d{Y), Co\\>d+\{Y)) is a torsion pair in the abelian category Coh(F). For Q < d' < 
(i, we form the quotient category Coh;/,i'(y) := Coh<;;(y)/Coh<j'_i(y), which is an abelian 
category. For a coherent sheaf F on Y, we write p{F) for its reduced Hilbert polynomial, 
and if F e Coh<j(y), we write pd,d'{F) for its reduced Hilbert polynomial as an element of 
CQ\\d4iY) (see [HL, Section 1.6]). 

For m > I, tilting with respect to the torsion pair (Coh<i(X,„), Coh>2(X„,)) in Coh(X„,) 
gives a t-structure with heart 

:=<Coh<i(X,„),Coh>2(X„)[l]) 

= {£ e D^X) : H°(E) e Coh<i(X), H-\E) e Coh>2(X), 

= for all /?t 0,-1). 

on D''{X,„) (and in fact, on D{X„i) as well - see |Lo, Proposition 5.1]). The truncation 
functors associated to this t-structure will be denoted by r^*), , t^'), , and the cohomology 

functors denoted by "T/J^p . We will drop the subscripts when the context is clear On any 
Noetherian scheme Y, the cohomology functors with respect to the standard t-structure 
on D{Y) will always be denoted by H'. On Xk, let ^1^(Xk) or yi'^ denote the heart 

<C0h<i(X^),C0h>2(X;f)[l]). 

We will use D^p , D^*), to denote the full subcategories of D{Xm) 

D-^p = {£ 6 D{X,„) : -H'iE) = for all / > 0) 

= {£■ 6 D(X,„) : H'{E) = for all / > 1, //"(£■) e Coh<i(X,„)), 

D^p = {£ E D(X,„) : -H'iE) = for all / < 0) 

= {£■ 6 DiX,n) : H\E) = for all / < -2, H'\E) e Coh>2(X,„)). 
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In summary, we have the following maps between the various schemes: 

• ^m' ^mi l-m ■ ~* Xr, j I Xf[ Xr 

and associated pullback and pushforward functors 

■ D(Xi,t) — > D(X„i), f/ii.m't • D{X,„>) — > D{Xm) 
4 : Z)(X«) ^ Z)(X„), i„„ : D(X„,) ^ 
/ : DiXR) ^ Z)(Xj,). 

Since tm,m'» is exact, it takes into yi^. 

Since tm is a closed immersion, it is a projective morphism. Hence we have the adjoint 
pair Li*„ H tm*, i e- Ll^^ is the left adjoint, and t,„, the right adjoint | |Huy| p. 83]. Similarly, 
we have the adjoint pair Ll*^ H i,„,m', for any 1 < m' < m. 

Consistent with the definitions introduced in [API and MABLL we will use the following 
notion of flatness for derived objects: 

Definition 1.2. Let S be a Noetherian scheme over k, and X a smooth projective three-fold 
over k. We say an object E e X 5) is a flat family of objects in over S if for all 
closed points s & S , we have 

£|, := Ll*,E e = (Coh<i(X|,),Coh>2(X|,)[l]> 

where ts : X\s X X S is the closed immersion of the fibre over s. 

Given a complex E' E D^(X), we say E' is of dimension d if the dimension of the 
support of E', defined to be the union of the supports of the various cohomology H'(E'), 
is d. 

1.3. Stability Conditions. Let {X, H) be a smooth projective variety of dimension n with 
polarisation H. For any coherent sheaf F on X, we define its degree (with respect to H) as 
deg(F) = ci{F) ■ c,{H)"-\ and its slope as ^i{F) = 

Polynomial stability was defined on D^{X) by Bayer for any normal projective variety 
X IBay^ , Theorem 3.2.2]. The particular class of polynomial stability conditions we will 
concern ourselves with for the rest of the paper consists of the following data, where X is 
a smooth projective three-fold: 

(1) the heart = (Coh<i(X), Coh>2(X)[l]), and 

(2) a group homomorphism (the central charge) Z : K{X) — » C[m] of the form 

Z(E)(m) = ^ pdH'' ■ ch(E) ■ U ■ m'' 

where 

(a) the prf e C are nonzero and satisfy po,pi € H, p2,p3 e -H, and (p{-p2) > 
(f>{po) > cf>i-pi) > 4>{p\) (see Figure [Ubelow), 

(b) H e Amp(X)R is an ample class, and 

(c) f/ = 1 + f/i + t/2 + t/3 e A*(X)r where f/,- € A'(X). 

The configuration of the p,- is compatible with the heart in the sense that for every 
nonzero E e we have Z(E)(m) e H for m » 0. So there is a unqiuely determined 
function (p{E){m) (strictly speaking, a uniquely determined function germ) such that 

Z{E){m) € R>oe''"^^'^'*"'' for all m » 0. 

This allows us to define the notion of semistability on objects. We say that a nonzero 
object E is Z-semistable (resp. Z-stable) if for any nonzero subobject G £ in JV', we 
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Figure 1 . Configuration of the p, for PT-stability conditions 



have (f>{G){m) < (p{E){m) for m s> (resp. <p{G){m) < <p{E){m) for m s> 0). We also 
write 0(G) < (p(E) (resp. <p{G) < <p{E)) to denote this. Harder-Narasimhan filtrations for 
polynomial stability functions exist [ Bay, Section 7]. 

By |Bay Proposition 6.1.1], with respect to any polynomial stability function from 



the class above, the stable objects in with ch = (-l,0,yS, n) and trivial determinant 
are exactly the stable pairs in Pandharipande and Thomas' paper [PTJ , which are 2-term 
complexes of the form 

[ffx ^ F] 

where F is a pure 1 -dimensional sheaf and s has 0-dimensional cokernel. For this reason, 
and in line with calling a stability function as above a PT-stability function in [Bay], we 
call any polynomial stability condition satisfying the above requirements a PT-stability 
condition, and any nonzero object in semistable (resp. stable) with respect to it PT- 
semistable (resp. PT-stable). 

2. Semistable Reduction in the Derived Category 

Let us first recall how semistable reduction proceeds for flat family of sheaves in fLanl . 

Suppose E e Co\\(Xr) is a flat family of sheaves on a projective variety X over the base 
Spec R, where /J is a DVR over k. Suppose that the generic fibre Ek is yu-semistable, while 
the central fibre Ek is not. Then there is a unique maximal destabilising quotient sheaf 
Ek Qo in the category Coh(Xk). If we write :- E, we can define to be the kernel of 
the composition E ^ E^ -» Qo, which is another flat family of sheaves on X over Spec 7?. 
This process of going from the family 7° to the family /' via the short exact sequence 

0^/1^/0^ e,) ^ 

in Coh(Xi{) is called an elementary modification. 

We can now look at the central fibre of /' to see if it is /i-semistable. If it is not, we can 
perform another elementary modification to obtain a flat family 7^ over Spec R, and so on. 
It is the content of BLanI Theorem (2)] (see also |HL Theorem 2.B.1]) that this process 
will terminate after a finite number of steps, giving us a flat family of yu-semistable sheaves 
over Spec/?. Our aim here is to show that this phenomenon happens in the more general 
setting of the derived category. 

2.1. Elementary Modifications. The process of elementary modification works not only 
for flat families of coherent sheaves, but also for flat families of complexes in the derived 
category when we fix a t-structure: 
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Proposition 2.1 (Elementary Modification in the Derived Category). Let Rbe a DVR over 
k. Given a flat family I e D''{Xf() of objects in over Spec R, and a surjection Ll*I -» Q 
in JV, there exists a flat family J of objects in J[p such that its generic flbre coincides with 
that of I, and we have an exact sequence in 

^ g ^ LiV ^ Li*/ ^2^0. 

Proof. Suppose we have a surjection 

Ll*! 4 Q 

in J[''. Then i.a is a morphism in D''(Xr), and we can define J e D''(Xr) by the exact 
triangle 




i.Q 



where s is the adjunction map. 

Applying Lt* to the above exact triangle, we get another exact triangle 



LiV ■ 




Li'iM'I 



Li'uQ 

Taking the long exact sequence of cohomology with respect to the heart yields 

^ 'H^],(Ll*J) ->0->Q-> 'H%,{Ll*J) WI ^ e ^ 'H^jiA.U'J) ^ 

where a' := 'H%({LL''ua) o (Li*e)). 

Now, if we write for the adjunction map LCitiLi*!) — > Ll*I, then the composition 

Ll'I — > Ll*uLl*I Ll*I 



is in fact the identity map on Ll*I IIKSII equation (1.5.8), p. 29]. So 'H^\ri' o Ll*e) is the 
identity map on 'H^iLi*!). On the other hand, using the following exact triangle from 
Corollary liLoi Corollary 5.8] 

Ll*I[1] Li*lM*I Ll*I Li*/[2], 

we see that l-l^Hri') is also an isomorphism. Hence 7Y"(Lt*e) itself is an isomorphism. 

Also, since we have a morphism of functors rj : Li* o ^ id£)(x„,) liKS 1 1 equation 
(1.5.5), p. 28], we have the commutative diagram 

Li'itLi*! ^ Ll*I 



U*L,Q ■ 



Q 



which induces a morphism of exact triangles 
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Ll*I[1] ^ Ll*lM*I ^ Ll*I ^ Ll*I[2] 



Q[l] Li*uQ Q Q[2] 

If we apply the functor "TY" to the above diagram, the left-most and right-most columns 
would vanish, while the middle horizontal maps become isomorphisms by Lemma MLol 
Lemma 5.6(a)]. Then, since a = l-l^Ha) is surjective by hypothesis, we get surjectivity 
of LCLtQ. This, combined with the fact that 'H^\Ll*e) is an isomorphism, which we just 
proved, implies a' is surjective. Consequently, Ll*J - 'J-1'^i,{Ll* J) e meaning that J is 
again a family of objects in over Spec/?. This completes the proof of the proposition. 

□ 

Given a nonzero object E e we can consider its HN filtration with respect to PT- 
stability (or, indeed, any polynomial stability) 

^ Eq '-^ El ^ ■ ■ ■ '-^ E„ - E 

where each factor Ei/Ei^i is PT-semistable, and 0(£',/£',_i) > (p(Ei+i/Ei) for all /. Recall 
that the left-most factor E{) in the HN filtration is called the maximal destabilising subob- 
ject, and that it satisfies the following property MLol Lemma 3.1]: for any F '-^ E m J{p 
such that 4>iF) ^ (piEo), we have 0(F) = ^(£0) and F ^ Eq. 

For semistable reduction in the derived category, we start with a flat family - I of 
objects in over Spec/? where R is any DVR over k. For any / > 0, if Ll*I' is not 
semistable in then the proposition above says we can define a new flat family /'^' by 
the exact triangle in D''(Xr) 

where G' is the cokernel of a maximal destabilising subobject B' ^ Ll*I'. We also know 
from the proof of the proposition that we have the short exact sequence in Jl^ 

(1) O^G' ^ Ll*!'^^ Ll*I' G' 0, 
which we can break up into the two short exact sequences in 

(2) ^ B' ^Ll*I' G' 0, 

(3) ^ G' ^Ll*I'^^ B' 0. 

We will call /'" the family obtained from /" after m elementary modifications. 

Suppose the above process never lets us arrive at a semistable central fibre, i.e. suppose 
for all / > 0, we have a maximal destabilising subobject B' ^ Ll*I' such that (piB') > 
(P(Ll*I'). Then we prove an analogue of |Lan, Lemma 1]: 

Lemma 2.2. Using the notation above, for any Q + E Q Li*I''^\ we have (piE) < (p{B'). If 
equality holds, then E nG' — 0. 

Given objects A, B, I in the abelian category Jl^ such that A,BcI, we can construct 
objects Av B and An B satisfying the following three properties: 

• A V B is a subobject of /. 

• We have an exact sequence 

O^AnB-^A©B->AvB->0. 
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We have a commutative diagram 

A'— 



AnB' 



iC 



■Aw B . 



B 



Proof of lemma. Take any Q E c Ll*I'^^ . Let EvG' denote the following fibred product 
of subobjects of Li*/'+' in W: 



■EvC 



EnG 



■G' 



We have the exact sequence 

^ £■ n G' -> £■ ® C' £■ V G' inJlP 

and so we have 

Z(E)(m) + Z(G'){m) = Z{E V G')(m) + Z{E n G')(m). 

From Ll*I''^^ /G' = B', we get that E V G' (since it contains G') corresponds to some 
subobjectD c B\ andEwG'/G' = D. Hence Z(D) = Z(EvG')-Z(G') = Z(E)-Z(EnG'). 
We have (f)(D) < 4>(B') by the semistabiHty of B'. 

Since E n G' Q G' = Li*r IBi, the object EnG' corresponds to an object E such that 
B' c E (Z Ll*I', and E/B' = E nG'. We have the short exact sequenece 

(4) ^ B' £■ -> £■ n G' 

where <p(E) < (p{B') since B' is defined to be the maximal destabilising subobject. Then by 
the seesaw principle, > cf>(E) > (f>(E n G'). Then (f)(E n G') < cf>(B') and 0(D) < (f>(B') 
together imply (p{E) < <p{B'). 

Now suppose E c Ll*I'^^ satisfies (piE) - (f>{B'). Let E be as above. If £ c G', then 
E CiG' - E, and from (01 we get 0(£') = 0(B')- Hence there is an injection E ^ B' since 
B' is a maximal destabilising subobject. This implies B' = £, and so £ = £ n G' = from 
dU, contradicting £ being nonzero. Thus we must have E ^G'. 

We saw above that Z(E n G') + Z(D) = Z(£') and 0(D) < 4>(B'). By assumption, we 
also have (f>(E) = 0(B')- These force 4>(E n G') > 4>(B'). On the other hand, EnG' c 
G' c Ll*I'^\ and so by the first part of the proposition we have <p(E n G') < <p{B'). Hence 
ipiE n G') = ipiB'), which forces EnG' = by the argument in the previous paragraph. □ 

Corollary 2.3. 0(B'+') < (f>(B'), with equality only if B'^'^ n G' = 0. 

Suppose X is a smooth projective three-fold over k. In showing the valuative criterion 
for universal closedness for PT-semistable objects, we need to take a PT-semistable object 

G with ch{LL*f^) - {-r,-d,/3,n) where r > 0. Then we need to extend to an 
/?-flat family /*' e D*(Xr) of objects in and then apply semistable reduction to 7°. We 
now consider the properties the central fibre L(*/*' can have when we extend to 

Proposition 2.4. Let X be a smooth projective three-fold over k. If Ek is a torsion-free 
sheaf on Xk that is semistable in Coh3 j(Xjf), then there is an R-fiat coherent sheaf E on 
Xr such that j*E — Ek, and l*E is a torsion-free sheaf semistable in Coh3_i(Xjt). 
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Proof. Take any /?-flat coherent sheaf E on Xr that restricts to Ek on Xk- By OHLI Theorem 
2.B.1], replacing £ by a subsheaf if necessary, we can assume that l*E is also semistable in 
Coh3 1. Suppose l'E is not torsion-free. Then it has a maximal torsion subsheaf T c l'E, 
which is necessarily 0-dimensional. And we can run semistable reduction on the family E\ 
the details are as follows: 

Define E' as the kernel of the composition E -» lXE -» i,(l*E/T). Pulling back the 
short exact sequence — > £' ^ £ — > Lt{c*E/T) — > Q to Xi; and taking the long exact 
sequence of Tor, we get 

^ L*E/T l'E' L*E I'E/T 0. 

Let T' be the maximal torsion subsheaf of t*£". Suppose T' is nonzero. Then we must 
have (l*E/T) n T' = 0, or else l*E/T would have a torsion subsheaf, contradicting the 
maximality of T. Continuing this process, we obtain a sequence of /?-flat coherent sheaves 
■ • ■ — » E^"^ — > £'(""^' — > ■ ■ ■ — > £' — > £, such that if T^"^ denotes the maximal torsion 
subsheaf of l*E^"\ then T^"' ^ ji"-"^) for all n. If we do not arrive at some n with T*"* - 0, 
then because all the T^"' are 0-dimensional, we have T*"' = T for some T for n » 0. Then, 
by the same argument as in the proof of BHLI Theorem 2.B.1], this produces a nonzero 
0-dimensional subsheaf of Ek, a contradiction. The proposition follows. □ 

The following is a strengthening of the d - Q case of IlLol Theorem 4.1]: 

Proposition 2.5. Let X be a smooth projective three-fold over k. Given any object 

Ek e (Coh<o(Xjf),Coh>3(X;,)[l]) c D^iXK), 

there exists a 3-term complex E' ofR-flat coherent sheeaves with R-flat cohomology on Xr 
such that: 

• the generic fibre j*(E') = Ek in D'^(Xk); 

• for the central fibre Li*(E'), the cohomology H^{Ll*{E')) is 0-dimensional, and 
the cohomology H^^{Ll*{E')) is semistable in CohT, \{X). 

Proof. The proof of |Lo , Theorem 4.1] still works, except that we now extend ker(i^) 
in the proof to an 7?-flat family of torsion-free sheaves that are semistable in Cohsj using 
Proposition l2.4l □ 

Hence if we start with a PT-semistable object 7° € J[P{Xk) of nonzero rank, we can 
extend it to an /?-flat family 7*^ of objects in using Proposition l2.5l and apply elementary 
modifications starting from 7". The following proposition describes what happens when we 
do not arrive at a semistable central fibre after a finite number of modifications: 

Proposition 2.6. Suppose is an R-flat family of objects of nonzero rank in where the 
generic fibre j*{f) is PT-semistable, and the central fibre LL'f' is such that H^\Ll*I^) is 0- 
dimensional, and 77"' (Ll*I'^) is semistable in Coh3 j (Xic). Suppose that we do not arrive at a 
PT-semistable central fibre Ll*P after a finite number of elementary modifications starting 
from 7". Then the morphisms B'^^ — > B' and G'^' — > G' induced by LiT'^^ — > LcT 
eventually become isomorphisms. Say they are isomorphic to B and G. Then we have 
Ll-T ^B®Gin W for all i » 0. 

Proof. Since (p{B') > (p{LL*r) for all /, the degree of the polynomial Z(B'){m) must be 2, 
or 3. Since 0(7?'^') < (p{B') for all /, deg Z(B')(m) is constant for ; » 0. For instance, 
if Z{B')(m) is a degree-2 polynomial, then Z{B'^^)(m) could be of degree 2, or 3; but if 
Z(B')(m) is a degree-0 polynomial, then Z(B'*^){m) can only be of degree or 3. 
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Note that, since H^\Ll*I'^) is nonzero and torsion-free, if // is nonzero then 

it is also torsion-free, in which case Z?" has 3 -dimensional support. By Corollary 12.31 
none of the subsequent B' can be 2-dimensional. Hence all B' are 0-dimensional or 3- 
dimensional. One consequence of this is that H^\Ll*I') is torsion-free for all /: for, if not, 
then H^^{Ll*I') has a 2-dimensional subsheaf T for some /, and ^ Ll*I' would be 
destabilising, and has a larger (p than B', a contradiction. 

If deg Z(B')(m) - for / » 0, then B' is supported on dimension for / » 0, and so 
0(5') would be constant. By Corollai-y|231 = n G' = n ker(Li*/'+' ^ B') = 
ker(B'+' B'). Hence we have injections B' for / » 0. So B' = //°(B') must 

stabilise eventually. 

From now on, assume that degZ(B')(m) = 3 for / » 0. Let chd(B') - P'^ and chd{G') - 
y'^ for < li < 3. Then from the exact sequence B' ^ Ll*I' — > C — » 0, and because 
chiLCP) is the same for all /, we get the equalities 

From B' Lt*/', we get R-HB') c H-\Li*I'). Hence 1 < c/io(//-'(B')) = -J63 < So 
-r </3^ < -1 for all /. 

Since 0(B') > (p{LL*P), we have i^iR-^B')) > ii{H-\LL*r)), and so -§ > s^, which 

is fixed. Hence the sequence is a decreasing sequence (by Corollarv I2.3l l in -j^fZ 
bounded from below, and so must eventually become constant. We show that, in fact, the 
phase 0(B') itself must eventually become constant. 

Suppose B' is 0-dimensional for < / < /o, and 3-dimensional for / > /q -H 1 (we allow 
/() -H 1 to be 0). Recall the short exact sequences (|2|l, Q in for / > 0: 

^ B' ^ Wf ^ G' ^ 
^ G'' ^ Li*/'+' ^ B' -» 0. 

By hypothesis, H^^iLCf') is semistable in Coh3_i(Xi). From the exact sequence 
^ H-^Wf) H-Hg") H°(B°) 

we get that //"'(G") is also semistable in Coh3,i. 

For < / < /(), we know B' is 0-dimensional, and so we have the exact sequence 
^ H-\Wr) H HG') H\B'), and H-\G') = H-^iWP^^). Repeating the 
argument in the previous paragraph, we get that H^^Ll*!'"^^) is semistable in Cohs 1. 

When < ; < ;o, we have H'^(B') = B' is 0-dimensional; when i > io + 1, we have that 
B' is 3-dimensional but PT-semistable, so //"(B') is 0-dimensional by fLo' Lemma 3.3]. 
So for every / > 0, we have that H^{B') is 0-dimensional. This, along with H^HLi'fi) being 
0-dimensional, implies that H^{Ll*I') is 0-dimensional for all / > 0. Since all the Li*!' 
have the same Hilbert polynomial, this implies that all H^^{Ll*I') have the same reduced 
Hilbert polynomial p^i. 

Now, H ' (B'"^ ' ) is a nonzero torsion-free subsheaf of H ' (Lt*/'"^ ' ), which is semistable 
in Cohsj. However, 0(B'°^') > (^(Lt*/'°^'). Therefore, the two reduced Hilbert polynomi- 
als p3,iiH-\B'"^^)) and p3,iiH-\Wr'>*'^)) are forced to be equal. 



MODULI OF PT-SEMISTABLE OBJECTS 11 



11 



That < 4>{B') for all / implies px\(H-\B'+^)) < pxi{H-\B')) for all / > k + 1. 

Also, <p(H-\B')) > <p(H-\LL*r)) for all / > k + 1, hence p3,i > Pi,\{H-\LL* T)) 
for all / > /o + 1 . These inequalities, together with the conclusions of the last two para- 
graphs, imply that py, i(H^\B')) = p3 i(H^\Li*I')) is the same for all / > /q + 1. 

That < (f)(B') means that the sequence {c/!3(B')/rank(//"'(B'))}/><o+i is a de- 

creasing sequence. On the other hand, that > 0(Li*/') for all / and that p3 j(// '(B')) - 
P'i,\{H^^ {Li* I')) for all / > /q -i- 1 together imply 

chiiief) chiB') 
rank (//-I (it*/")) ~ rank(//-i(B')) 

for alii > i'o-i-l. Since rank (//"'(B')) is apositive integer at most equal to rank (//"'(Li*/")) 
for i > if) + 1, the decreasing sequence {c/!3(Z?')/i"ank(//"'(B')))/>io+i is bounded below by 
the constant c/!3(Lt*/°)/rank(//-'(it*/°))- So cln(B')/rsLnk(H-\B')) must stabilise for 
large enough /, at which point (/>(B') becomes constant. 

By CorollaryO = B'+'nG' = B'+inker(Li*/'+' ^ B') = ker(B'+i ^ B') (where the 
map L(*/'^' — ^ B' is from the sequence (O). That is, we have injections B'^' B' in 
Suppose this injection has cokernel C. From the long exact sequence of cohomology of 
— > B'^' — > B' — > C — > 0, and the fact that the cohomolgy of B' becomes constant at each 
degree for / » (compare Hilbert polynomials to see this), we get that each cohomology 
of C must be zero for large enough /. In other words, for / » 0, the map Li*/'+' — > B' takes 
B'^' isomorphically onto B'. That is, the map Lt*/'^' Ll*I' in the sequence ([T]i takes 
B'+' isomorphically onto B'. This induces isomorphisms on the cokernels of the inclusions 
B' ^ Ll*I' and B'^' Ll*I'^\ giving us a commutative diagram for / » 



B' 



LL*r 



7+1 



■ Li'/' 



■G' 



Let us fix objects B, G that are isomorphic to B', G' for all / » 0, respectively. 

Now, if we take the injection f\:G'^ Ll*I'^^ from ([TJ and compose it with the sur- 
jection /2 : Ll*I''^^ -» G'^' from (|2|, the kernel of the composition /2/1 : G' Ll*I'^^ -» 
G'^' would be isomorphic to G' n B'^' (since the kernel of the surjection Li*I'^^ -» G'^' is 
B'^'), which we just showed is zero for / » 0. Thus the composition /2/1 : G' ^ G'^' is 
an injection. Since G' and G'^' are isomorphic for / » 0, /2/1 is an isomorphism for / s> 0. 
Hence the map /i(/2/i)"' splits the short exact sequence (|2]i, and so Li*/' = B'ffiG' = B©G 
for / s> 0. □ 



2.2. Constructing an Inverse System. For the rest of this section, assume the setup of 
Proposition 12.61 That is, start with a PT-semistable object /^ e extend it to a flat 
family / := /" of objects in over Spec/?, assume that the central fibre of /*' is not PT- 
semistable, and that a finite number of semistable reduction does not yield a PT-semistable 
central fibre. This gives us an infinite sequence of flat families 

■ • ■ ^ /2 ^ /' ^ /O 

in D^(Xr). We would now like to show that, if /? is a complete DVR, then this would imply 
that 7*/" is PT-unstable, a contradiction. 
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2.2.1. The Cohomology of Various Objects. Using the techniques developed in llLoj . we 
now compute the cohomology of various objects. 

Definition of Q'". By Proposition 12.61 we can replace /" by /'" for m » if necessary, 
and assume that all the B' and G' are isomorphic, to some B and G, respectively. We can 
pull back the composition /'" ^ ■ ■ ■ -> = / from D{Xr) to D(X,„), obtaining a 

morphism in which we will denote by O,,,: 



Also, we define Q" e D(Xr) by the exact triangle 

^/^ g'" ^ /'«[!]. 

Since all the /' have bounded cohomology, we know Q'" also has bounded cohomology, 
i.e. Q'" e D''(Xr). 

We can also apply the octrahedral axiom to the commutative triangle in DiXft) 



pn- 1 




In particular, we obtain the exact triangle in D{Xr) for every m > 1 : 

t.G ^ e'" ^ e'""' ^ i,G[i]. 

Modifying the proof of OAPI Lemma 2.4.1] shghtly, we get the following lemma that 
says 2"' lives in 

Lemma 2.7. Let F e D\X„) andG e D''{X„). Then for every morphism imtF l„,G in 
D{Xr), there exists a morphism L,„+„^f„^F — > t,„+„,„,G in D {X,„+„) such that a — t„,+„,yS. 

Proof. We adapt the proof of OAPI Lemma 2.4.1] to our situation. Let F',G' be bounded 
complexes of coherent sheaves on X„„ X„, representing F, G, respectively. We can choose a 
bounded complex P' of torsion-free ^Xs-modules, and a surjective morphism of complexes 
of i^Xs-modules q . P' —> F' that is a quasi-isomorphism, and a chain map p . P' G' 
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such that a - pq 'in D(Xr): 




Define K' :- keiiq) in the abehan category Kom(Xs). Then K' is acycHc (i.e. all 
cohomology are 0), and multiplication by n" is injective on each K'. Set P' := P' /n"K' 
(quotient in Kom(X]i)). Then q factors through q : P' F' because 7r"K' c K'. Also, p 
factors through . P' G' because n"K' c 7t"P' and p{ji"P') - (since the G' live on 
X„). Now q is still a quasi-isomorphism, so or = ' . 

However, because 7r"'P* c K' c P*, we get that P'/n'"+"P' -» P' ln"K' = P* in 
Yj3va(Xft). That is, P' is a complex of ^x„,+„ -modules. 

Hence q, p can both be considered as chain maps over X,„+„, and so a is the pushforward 
of a morphism in D''{X,„+„). □ 

Corollary 2.8. Q'" = L„,,Q"\for some Q" e D^{X,„\ 
Proof. We have the exact triangle in D{Xr) 

So 2'" is the cone of some morphism 2"' '[-1] — > itG in DiXn). By induction and the 
lemma above, a = t,„,jS for some morphism /3 in D{X,„). Let g"' := cone(y6) in D{X,„). 
Then L,„fQ'" must be quasi-isomorphic to 2'" in D{Xr). That Q'" has bounded cohomology 
follows from Q'" itself having bounded cohomology, and the exactness of pushforward 

hn*- □ 

Lemma 2.9. With respect to the t-structure with heart and for r > 0, m > 1, 

(a) ■WLi,;/'' = whenever i + 0. 

(b) WLilff = whenever / 0, -1. 

In particular, LC^V € far all m > I, r > 0. 

Proof. By assumption, Li*/*^ € so (a) follows from Proposition MLol Proposition 5.10]. 
As for the cohomology of Q'', we start with the exact triangle 

r ^ /" ^Q' ^ I' ll] 

which can be pulled back to 

(6) K/ u:f ^ u:„Q'- ^ Knu 

Then we can take the long exact sequence of cohomology with respect to the heart ^H,, 
and use part (a) to conclude (b). □ 

Lemma 2.10. The object Q'" e D*(X„,) lies in the heart JH^. 

Proof. From the long exact sequence of cohomology of ^ with respect to when r - m, 
we see that 'H'^p(Lilji„,tQ"') is nonzero only for / = 0,-1. Since 

by jLol Corollary 5.8], at least we know Q'" Hes in D^], (X„). 

Now, suppose / is the smallest integer such that 'H'{Q"^) + 0. Suppose H'^^{Q"') + 0; 
then this cohomology hes in Coh>2(X„,). Also, //'"'(i^jQ™) + 0. Using the isomorphism 
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again, we see that H' ^(L„,tLL*nLm»Q"^) as well, and so H' ^(Lim»LmtQ"') is nonzero and 
lies in Coh>2(X„,). Hence 'H'-\LL*^Lm,q") + 0. 

On the other hand, suppose //' '(e™) = 0. Then //'(Q'") + 0, and H'{Q") Hes 
in Coh<i(X,„). As above, this means that 'H^^^ (Lm^Lil^LnJ^ff^y) is nonzero and lies in 
Coh<i(Z„,). Therefore 'H'-\Ll'„l„,,Q'") + 0. 

We can thus conclude that if / is the least integer for which 'J-l'iQ'^) is nonzero, then 
the cohomology 'H'^^ {Ll*^l„,^Q") is nonzero. However, by the previous lemma, we know 
'HHM*„imtQ!") is nonzero only for y = or -1. So / must be greater than or equal to 0. 
Since we ah-eady know g'" e D^^„(X,„), we can conclude that 2"' actually lies in □ 

Lemma 2.11. For any m > 1, and any F € we have 'H'{Ll*^^l,„^F) — Q for i + 0, —1. 
For / = or -1, K^Ul^L^n^F) s F. 

Proof. This foUows from [Lo, Corollary 5.8]. □ 

Applying "K!^ o Li* to the diagram dD, we obtain the following commutative diagram, 
where each straight line is exact at the middle term. Because the are flat families, the 
morphisms labelled y,„, y,„_i and yU„, are surjective in yC: 



(7) 




Lemma 2.12. For m > 1, the morphism jj„, :- "H^LCiQ 
and9i^^LL*Q"' s G for all m > 0. 



'H^Ll'Q'"-^ 

" 2'" ') i'> cin isomorphism. 



Proof. We are assuming that the central fibres /' have stabilised, i.e. LCI' = B®G for each 
/, and that the pullback of each elementary modification /"' to D{Xk) looks like 

Lt*r ^B®G^B®G = LL*r-\ 

which takes B isomorphically onto B and G to 0. Hence jm^Jm-x are surjective with the 
same kernel. Thus //,„ is an isomorphism for each m > 1. That the central fibres have 
stabilised also means - i^G. Therefore, Iri^^LCQ} = G. By the previous paragraph, 
-K^Li'g"' s Gforallm > 1. □ 

2.2.2. The Inverse System. In order to construct a morphism /" — > in D''{Xr) such that 
its pullback to Xk is a destabihsing quotient, we need to show that the surjective morphisms 
in J[t 



LCI" ■ 



■'H^LCQ" 
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form an inverse system with respect to the functors TY^,, o Li*^ : yi''^, . Let us take 

a moment to clarify what this means. Apply the functor 'H^pLi^^ to diagram Q, and the 
lower right corner of the diagram becomes 

(8) Ulfi^^n^'^LilQ- . 



'H°Ll'„,Q'"-' 

If we further apply the functor I-I^Ll* , , we obtain 



(9) 



Li* ,r 

m-l 



:fli^.^O^,. Qn. 

m-l 



m-l 

where we define the vertical map to be qjn-\ ■ Here we are using the isomorphism of functors 
for I < m' < m. Repeating this construction for Cm-i, we obtain a commutative diagram 



(10) 




Now we see that, if we can show that each qm-\ is an isomorphism, then we would have 
the inverse system described above. 

By Lemma l2.12l q\ is an isomorphism (since q\ is just ^2 in the notation of that lemma). 
To show that qm is an isomorphism for all m> 1, we make use of the following: 

Lemma 2.13. If Q'"^^ is a flat family of objects in over Spec R/tt"'^^, then qi„-i is an 
isomorphism. 

Proof. Define K to be the kernel of <7,„_i in so that we have a short exact sequence 



0. 



Pulling back this exact triangle via Ll*^ -^ j, and then applying the functor "H^,,, we get the 
exact sequence in 

(this is where we use the flatness assumption on 2'""'). Since 'H'^Ll'Q'" and Ll*^ -^ [Q™"' 
are both isomorphic to G, the surjection between them is an isomorphism, forcing the 
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cohomology 'H'^Ll*^_^ to he zero. By BLol Lemma 5.5], K - 0. That is, qm-i is an 
isomorphism. □ 



This lemma reduces the problem of constructing an inverse system to the problem of 
showing the flatness of Q'" over SpecR/n'" for all m > 1. We can solve the latter problem 
in two steps: (1) show that, for m > 1, if Q"' is flat then Q^"' is also flat; (2) show that, for 
w > 3, if Q'" is flat, then Q'""' is also flat. Since s G is trivially flat over Spec R/n, we 
will then have flatness for all Q"\ 



2.2.3. Flatness of Q"^ in General. 

Lemma 2.14. Let m > 2. Suppose A, B are objects in ^'^,_[ and Ji^^ respectively. Given a 
morphism y6 : A — > l„-\^\^B, if'H^LL*^^ jyS = 0, then y6 itself is 0. 

Proof. Since the truncation r-" is left adjoint to the embedding functor, we have a mor- 
phism of functors id — > t^'), : D(X„,_i) — > (X,„_i). This yields a commutative 

diagram 



Ll* , ,A . 

m-1,1 



LL*^_^^Lm-\,\^B . 



B 



B 



where 77 is the adjunction map and the right-most vertical map is the identity. Since 
'H^Li*^^ y jy6 = by assumption, rj o Ll*^ -^ is the zero map since the outer edges of the 
diagram commute. However, 77 o Lt^ ^ and p correspond to each other via the adjunction 

Homz)(z,)(i'*,_ijA,B) Hom£,(x„,_,)(^. 'm-U.-B). 
Hence fi itself is zero. □ 

Lemma 2.15. Let m >2. Then we have the following short exact sequence in JTl'^: 

(11) ^ i,„,uG ^ 2" ^ Vm-i.e'""' ^ 0. 

Proof. We begin with the commutative triangle 
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Applying the octahedral axiom and taking cohomology with respect to Jl^, we obtain the 
commutative diagram 




where the cohomology objects are computed using the flatness of the P and Lemma l2.1 II 
Define 6,13, fix as above. 

Now we move our attention to the commutative triangle 




Applying the octahedral axiom to it gives 




Note that all the objects in this diagram lie in D^p(X„,). Pulling back this entire diagram 
via Lt*j J , and taking cohomology with respect to we obtain the following commutative 
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diagram 
(13) 



C='H-'Li'Q' 



Ca'H»Li,;,i„,,„,-i,e' 




■J 

■H--Li;,(,„.,„-i,!2"'"' 

where the three straight lines passing through the triangle in the center are exact sequences. 
Define s, s' as above. Also, the sequence of seven terms that winds around that triangle is 
the long exact sequence of cohomology for the exact triangle 

^C,l('m,m-l«C"' '[1] ~* ^C2™ ' '■m.m-XtQ'" ' ^m.m- 1 , 6"' ' [2])- 

Here is why -HOLi; jt„,,,„_i,(2™-' = G: 

^°Li,; ,(i„,,„,_ue'«-') = -K^Li^^i iCH°L4„,_it„,„_i.e'«-') by El Corollary 5.4] 
= 'H"LC_i ^Q"'-^ by B Lemma 5.6] 

^^"LCuCW^^-CiC"-') 

s 'N°Ll*Q'"^^ by the right t-exactness of 
= G. 

To understand the other cohomology objects of 'H^Ll*^ i(im,m-u2"' we look at 



0]. 



Since multiplication by tt™ ' induces the zero map on objects pushed forward from D{Xm-i), 
such as t,„_,„_i^2™"', we have 



Therefore 



"TY'Lt*, itm_,„_i,2™ ' are isomorphic for all even / < 



and in particular are isomorphic to G. As a consequence, in figure ( fTsT l, the map e' must 
be an isomorphism. So s must be the zero map, implying 'H'^Ll*^ ^fii is also zero. Thus 
'H^Ll*^^ jj6 itself is zero from the commutativity of diagram ( fT2] i. 
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Now, by LLo. Lemma 5.7], /3 = L,„,m-i^P for some yS : 2'" ' — » Lm-\,\fi- This gives us 

= •K-'L^,;!^ 

= 'H°Li,;_i iCK°L4,„_i^„,^_i J) by liLo, Corollary 5.4] 
= 'H'-^LlI_i iP by |lLol Lemma 5.6]. 

Using Lemma 12.141 we conclude /3 = and thus [3 - Q. This means that, finally, the 
sequence of outer six terms in Figure (fTZt breaks up into two short exact sequences, one 
of them being the one we want. □ 

Before we move on, let us define the objects and g"' ''. These definitions will 

help clarify our arguments. 

The objects R"^-'"-'', Since we have an exact sequence as in Lemma [2.1 51 for each m > 2, 
we have a sequence of surjections 

in for m-r > 1 . Define /;™ "' e to be the kernel of this composition of surjections. 
On the other hand, if we apply the octahedral axiom to the commutative triangle 



we get 




im,uG[l] 



That is, we have a short exact sequence 

^ t,„,i.G ^ R"''""-^ L,„,uG ^ in jTl^;,. 

Iterating this process (by looking at the output of the octahedral axiom applied to the com- 
position Q'" — > im,m-(r-i),2"' ~* '■mjn-itQ'"'^), wc obtain short exact sequences of the 
form 

(14) R"'-"'-('-^> R"'-»'-'- -» t^ i^G 
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in for each m> r > 2. Comparing these with the short exact sequence of Lemma l2.151 
we see that and im^r, have the same Hilbert polynomial, both being r times the 

Hilbert polynomial of i,„,i,G. 

The Objects Q'"-''. For any < r < m, we can define the objects Q'"''' by the exact triangle 
in D'^iXR) 

(15) r r Q'"' ^ r[i] 

where the morphism Z™ F comes from composition of the elementary modifications. 
(So g'"'" is simply Q"\) 

The octahedral axiom gives us diagrams such as 




uG 



from which we see ^ l2,Q"''"'-^ for some (2"'.™-2 e D''{X2) (Lemma|Z7]l. 

If we fix m and iterate this process, we would obtain Q"'''' = im-rt Q'"''^ for some 2"'"'^ 6 
D'^iXm^r)- Since the heart of a t-structure is extension-closed, each 2'" ' lies in the heart 
^m-r- It is sasy to see that 2"' ' and Q'"-'' have the same Hilbert polynomial. 

Lemma 2.16. Letm > 2. IfQ" is flat over Spec R/n'" then 'H'-^ L^^^ ^^Q^"' s Q"\ 

Proof. Applying the octahedral axiom to the commutative triangle 




^2m ^0 

gives us an exact triangle 

Q2m,m _^ Qlm ^ Qm _^ g2m,m^j^ 

Applying "H^Li*,, we get a short exact sequence in J{l^„ 

^ K ^ •H"Lt;„e2»> 9{^>Ll*„,Q'" s Q"' 

where K is the kernel of 'H'^Lil^a. Using the flatness of Q"\ we can pull back this se- 
quence to an exact triangle via Ll*^ j and take cohomology with respect to Since 
'H"Li*^^i'H°LLlQ^'") and "H^ Ll*^ ^{'H^ Ll*^Q") are both isomorphic to G, the morphism 
'K°Li*,('H°LtlQ') is an isomorphism. And because "K^'Li* .Q'" = 0, we have -H^Li* ,K = 
0. Hence ^ = by OLol Lemma 5.5]. As a result, 
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as wanted. □ 
Proposition 2.17. Form > 1, if Q'" is flat, then g^™ is also flat. 

Proof. We need to demonstrate that the cohomology of Ll*^^^ j g^"' only exists at degree 
with respect to the heart J\p . 

Consider the double complex in 



(16) 



R 



'2m, 1 



R 



2m, m . 



-if" 



R 



'2m, m . 



Q 



^2m 



where the rows are copies of the short exact sequence — > R^'"-'" — » Q^'" — » L2m,mtQ"' ^ 
that comes from the definition of R^'"^"'^ and the vertical maps are all multiplication by +7r™. 
The diagram (fTSI l has two properties: 

(a) Each column is a chain complex in the abelian category Jl^^^^ (i.e. the composition 
of two successive differentials is zero). In particular, the differentials in the first 
and third columns are all zero maps. 

(b) Consider each column of (fTST i as a complex in D{ j€, ) sitting at degrees < 0. Then 
the degree-/ cohomology of the first, second the third column can be computed by 
applying 'H'^,, (i2m,,„.L4„, ,„(-)) to R^'"^"\ Q^'" and (2,„,m.e"', respectively. 

From the construction of R^'"-"\ we know that R'^"''" is the pushforward of an object 
in i.e. R^'"''" s t2«,,,„,^^™'"' for some R-'"''" (using Lemma |2J]l. It is then clear that 
property (a) holds. To see property (b), we can use Postnikov systems (see llOrll Section 
1.3], for example). Consider the following Postnikov system in a triangulated category D 



d-' d-- d-^ 

^-3 s_ ^-2 ^ ^-i s_ ^ 




where triangles marked with o are commutative, the triangles marked with * are exact 

triangles, and X'-[X^^X^X — > X ] is a chain complex in the category D (i.e. 

= for any ;)■ Given such a Postnikov system in D, if we also have a t-structure on 
D with heart and X' is a complex with all the terms in y[, then 

(17) H\X') - 'H'^(Y°) 

where H'(X') is the degree-/ cohomology of X' considered as a chain complex in J[, and 
'K^(y") is the degree-/ cohomology of F" computed in D with respect to the t-structure 
with heart (To see this, apply cohomology functors "H'^ to the Postnikov system.) 
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For our situation, we build a Postnikov system in D(X2m) of the above form as follows: 

let F' - [F ' — > f "] be any 2-term complex of coherent sheaves representing an object 
of ^2m- ^^^^ i^' F^^,F^ are coherent sheaves on X2m, and d is a morphism of coherent 
sheaves. At some point, we will specify F' to be R^"'''"^ Q^>" or i2m,m»2'"; however, we 
will not do so just yet. We can consider F' as an object in the derived category D(^^^ 
via the canonical inclusion ^ DiJi^^J. Note that Z)(yi^„,) = D{CoUX2j) by llWl 
Proposition 5.4.3], although we will not explicitly use this fact in this proof. 

For -3 < / < 0, let X' = F' , and for -3 < / < -1, let d' be multipUcation by n"' . Then 

is a chain complex in the abelian category ^2m' "^'-^ 
be multiplication by n'". For -2 < / < 0, let F be the cone of v/_i, and let m, be the natural 
inclusion of X' into Y'. Also, for / = -2, -1, let v, be the projection of Y' onto X' - X'^'^ 
followed by multiplication by n"'. Note that, while the natural projection of Y' onto X' 
itself is not a chain map in Kom(X2m), it becomes a chain map when we post-compose it 
with multiplication by n"' . This construction gives us a Postnikov system with 




r = cone(v-i) = 



^-1 ^ ^0 



where the dotted box means to 'take the total complex of the double complex inside,' a 
notation we adopt until the end of the proof of this proposition. Also, here we use the sign 
convention used in | |Huy[ Definition 2.15] in the definition for the mapping cone. 



MODULI OF PT-SEMISTABLE OBJECTS 11 



23 



Now, for the infinite complex [■ ■ ■ F' F' ^ F'] in D(^^^^), the cohomology at all 
degrees / < -1 are isomorphic by periodicity. On the other hand, for any / < -1 we have 



H'([- ..^F'^F'^ F']) - H-H[F' ^F'^F'^ F']) 

— "TY^p (y°) by our Postnikov system above and (fTTT i 




since we have a quasi-isomorphism between these two complexes, given by the chain map 



1 
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Then, 



, d ,V\ 

: ^-1 ^ ^0 



-1 -V fO 



-■■n'" n"' 



1 

F- 

1 / 



-1 c-O 



7-1 -V J70 



7-1 — s- I7Q 



-jt"' I ;r"' 
; ^-I S. 17Q 

-ir"' 

: /7-1 



where the first isomorphism follows because we only need the top four rows in the middle 



dotted box to compute the cohomology "K '(-^t )■ ^^'^ overall, we obtain 



. . ^; /7- ^; ^- ^; ^7.]) ^ <^^, (i2,„_„,^L4^_,^F-). 

Taking to be g^'" or t2„,,„,e"', we obtain property (b). 

Now, by properties (a) and (b), the long exact sequence of the double complex ( fT6b in 
Jil^^ looks like 



1, 



From Lemma 12.161 we know i^o is an isomorphism. So 0o is the zero map, and Si 
is an isomorphism (since i2m,m*^^"''"' iim.mtQ"' have the same Hilbert polynomial). 
Consequently, i^i is the zero map. However, the double complex (fTSI l is 1-periodic in 
the rows, and so all the i/r,- are zero maps for / > 1. That ifi2 is zero means 62 is an 
isomorphism (by comparing Hilbert polynomials), hence <pi is the zero map. By the same 
periodicity argument, we get that all (p, are zero maps for i > 1 . As a result, we obtain 
•K'L4„, „,(2^"' = for all / < -1, thus L^^^^Q^"' = Q'"- Since Q'" is aheady flat, we see 
that Q^'" is also flat. □ 

Lemma 2.18. Form > 3, ifQ" is flat, then g'""' is also flat. 

Proof. By Lemma |2.15l we have the following short exact sequence in ^l^: 



^ i,„,uG ^ Q"' ^ l,n,,n-lM" 



0. 
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The flatness of Q'" implies Lt*g"' e W{Xk), which in turn imphes iCm-i2"' ^ ^m-\ 
by OLol Proposition 5.10]. Applying Li*^^^_^ and taking the long exact sequence of coho- 
mology with respect to we get 

i,„-i,uG ^ L^^^^iG" 2'"-' . 

1 i ^ 



'Sji,m-r'".'" 

By BLoi Lemma 5.9], for all odd integers / < 0, the objects "TY'Lt'^^^^ jt,„,„_i^2'" ' are 
isomorphic. In particular, the cohomology "K 'Li*^^^ ji,„ ,„_i^2'" ' is isomorphic to the 
cohomology 'H^^Ll*^^^^_^l„,,„-\^Q'"^^, which is isomorphic to im-ij^G. This reveals that 
5 is an isomorphism, and so Li*^^^^_^Q'" = Q'"^\ However, that Q"' is flat means that 
Ll* ,Q'" is also flat. Therefore, Q'""' is also flat. □ 

This concludes the proof of 
Proposition 2.19. Q'" is flat over Spec R/n'" for each m > 1. 

2.2.4. Lifting the Inverse System to a Family over Spec^. Now that we have shown flat- 
ness for each Q"\ we know that the surjections Ll*^!^ — ^ "H^Ll^jQ"^ form an inverse 
system with respect to the functors TY^p o Li*, : — > ^J^/, as described in section 
IZZ2I 

Now, fix an isomorphism : Ll*^^-^ mQ"'^^ - 2" ^'^^ each m > 1. Then we can use 
these isomorphisms and their compositions with the various Li*, jj,,Cm to construct compat- 
ible isomorphisms that, together with the {2"'),„, give an inverse system that satisfy the 
hypotheses of: 



Proposition 2.20. BLiel Prop 3.6.1] Let X ^ S be aflat morphism offlnite presentation of 
quasi-separated algebraic spaces. Let (A, m, k) be a complete local Noetherian S -ring and 

L . ~ 

El 6 D (X^/^i+i) a system of elements with compatible isomorphisms Ei 'S>A/m'+^ A/m' 
Lj-i in the derived category. Then there is E 6 D''{Xa) and compatible isomorphisms 

L^A A/m'+' ^ Ei. 
As a result, we have 

Proposition 2.21. IfR is a complete DVR over k, then there exists an object Qr e D''(Xft) 
and compatible isomorphisms Ll'^Qr = Q'". 

By concatenating the commutative triangles /" 9- extracted from diagram 



^ for m> 1, and fixing an isomorphism Q'" — > imXmQR for ^^ch m, we get a commutative 
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diagram 




l'm-2*l*„_2QR 



Now, by the following lemma, we have an isomorphism 

Homx«(/", Qr) = limHom;,,(/°,/?/7r'+i ® Qr). 

Note that l^.^Qr = RIn'" ® Qr. 

Lemma 2.22. MLiel Lemma 4. LI (2)] Let X SpecAo be a proper flat algebraic space 
of finite presentation over a reduced Noetherian ring and I a finite A{ymodule. Given 
E,F e DpiX/Ao) and any i, ifm C Aq is a maximal ideal, then 

Ext^CE, F®I) ®Ao Aq = limExt^CE, //m'+'/ » F). 

Even though the lemma is stated only for the case E - F m [Lie], the proof works in 
general. 

Therefore, the commutative diagram above lifts to an element ip e Homx„(/", Qr). And 
restricts to the maps Om '■ LCj^f' Q" (see the start of section l2".2.2l ). 

2.3. Universal Closedness over an Arbitrary DVR. The goal of this section is to show 
the valuative criterion of universal closedness for PT-semistable objects. 

So far, we have learned that if 7? is a complete DVR, and Ek e is PT-semistable with 
choiEx) + 0, then we can produce an /?-flat object 7*^ E D^{Xr) that restricts to Ek on X^. 
We have also learned, that if the central fibre LCV does not become PT-semistable after 
a finite sequence of elementary modifications, we can produce a morphism if : f' ^ Qr 
where Qr is /?-flat, and Li*((p) is a destabilising quotient Lt*/" — > Ll*Qr = G in . In 
this case, we can define A e D (Xr) by the exact triangle A I Qr — > A[1]. Pulling 
back this exact triangle via j* gives 

(19) /A -> //° ^ /Qr -> /A[l]. 

On the other hand, we can also pull back the same triangle using Li* to obtain 

Ll*A Ll*I° — ^ WQr Ll*A[1]. 

Since LL*(p is a surjection in Ll*A is necessarily in JTC. So by openness of the heart 
W BTodll Lemma 3.14], /A and J'Qr both he in the heart Since Chern character 
is locally constant, Lt*/" and fl'^ would have the same Chern character, as are Ll*Qr and 
J*Qr- This means that ST9[ yields a short exact sequence in that destabilises fl'^ = Ek, 
which is a contradiction. We have just proved: 
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Theorem 2.23 (Valuative criterion for universal closedness). Let (R, n) be a DVR, and K 
its field of fractions. Given a PT-semistable object Ek 6 ^''(Xk) such that choiEK) + 0, 
there exists E E D^{Xr), a flat family of objects in over Spec/? such that j*E = Ek and 
Ll*E is PT-semistable. 

Proof. Our proof above is for the case where R is a complete DVR. This is sufficient for 
us to define the moduli of PT-semistable objects and conclude that it is an Artin stack of 
finite type over k (see Proposition 13.31 and Section|4|i. Then, by [LMB' Remark 4, (7.4)] 
and LLMB . Theorem (7.10)], the result for an arbitrary DVR follows. □ 

If we did not wish to use the existence of our moduli space as an Artin stack in showing 
the valuative criterion for an arbitrary DVR, we could prove the above theorem under an 
additional hypothesis, as follows: 

Consider the commutative diagram where R is an arbitrary DVR and R is its completion, 
and K and K are their respective fields of fractions: 

X,^^^X^^±->X^ . 

p p 

Xu^^^Xr^^Xk 

Suppose we are given a PT-semistable object E^ in the heart JViX^)- The additional 
hypothesis we need to add is, that choiE^) + and cho(E](), ch^iEg) are coprime. By BLol 
Theorem 4.5], we can extend Ek to a flat family E € D''(Xr) of objects in over Spec R, 
so that j*E = Ek and Li*E E JViXk). Suppose Ll'E is not PT-semistable. Then LCE has 
a maximal destabilising subobject Eq ^ Ll*E in ^''(Xt). 

On the other hand, p*E is also a flat family over R, and LL*{p*E) = Li*E. More- 
over, j*{p*E) £ ^'i by Lemma 12.261 below. Since j*(p*E) = p*{j*E), j*{p*E) is also 
PT-semistable by Proposition 12.271 below. Moreover, Li*{p*E) also has Eq as a maximal 
destabilising subobject in ^''(X/i). 

We can now apply elementary modifications to the family E. Since any flat family over 
SpecR has the same central fibre as the flat family obtained after the base change via p*, 
by our result over a complete DVR, Theorem l2.23l the elementary modifications applied to 
E £ D''{Xr) must produce a semistable central fibre after finitely many steps. This proves 
Theorem l2.23l again with the additional hypothesis. 

We end this section with the proofs of Lemma 12.261 (the heart is preserved under base 
change) and Proposition 12.271 (PT-semistabilitv is preserved under base change). To this 
end, we first characterise PT-semistable objects under a coprime assumption on the Chern 
character: 

Proposition 2.24. Let X be a smooth projective three-fold over k. Suppose E £ ^^'{X) has 
nonzero cho{E), and choiE), ch\{E) are coprime. Then E is PT-semistable if and only if it 
is PT-stable, if and only if the following conditions hold: 

(1) H^^(E) is torsion-free and jd- semistable; 

(2) Lf{E) is 0-dimensional; 

(3) Womj}(x){ ffx,E) — Q for any x E X. (Here, denotes the skyscraper sheaf with 
value k supported at x.) 

Proof. Suppose E is PT-semistable. Then properties (1) to (3) follow from ILol Lemma 
3.3] (which partially characterises PT-semistable objects) and the fact that (p(po) > (p{-p3) 
in the definition of the central charge for PT-stability. 
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Suppose E satisfies conditions (1) to (3). Let £0 £ be a maximal destabilising 
subobject. Then (p{Eo) > <p{E), and so £0 cannot be 1 -dimensional. By condition (3), 
£■() is either 2-dimensional or 3-dimensional. By condition (1), Eq must be 3 -dimensional, 
and // '(£■()) must be torsion-free with nonzero rank. Since (p{Eo) > (p{E), we must have 
li{H-\Ea)) > ii{H-\E)), forcing ii{H-\Eq)) = fi(H'\E)). But the degree and rank of 
// '(£■) are coprime, and so the degrees and ranks of //"'(Zsq) and H^\E) must agree. So 
the inclusion // '(£■()) ^ H^^E) must be an isomorphism (since its cokernel is supposed 
to be in Coh>2(X)), implying //"(^o) ^ H'^(E), contradicting (f>(Eo) > cf>(E) (since //"(£) 
is 0-dimensional by condition (3)). Therefore, E must have been PT-semistable to start 
with. 

It remains to show that, if E is PT-semistable, then it is PT-stable. Suppose F ^ E 
is a subobject such that (piF) - (p{E). Then we must have fi{H^^{F)) = ii{H^^{E)). As 
above, the coprime assumption forces H^^iF) ^ H^^(E) to be an isomorphism, and so the 
induced map H°(F) H'^(E) is injective. By 4>{F) = </>(£), the inclusion H"(F) ^ H^\E) 
must be an isomorphism. As a result, the inclusion F ^ E isa quasi-isomorphism, i.e. F 
and E are isomorphic objects in D''{X). This means that there are no strictly PT-semistable 
objects in JIP(X), so E is PT-stable. □ 

We have the easy corollary 

Corollary 2.25. With the same hypotheses as above, if H^^(E) is torsion-free and /u- 
semistable (or, equivalently in this case, ^-stable), Ff\E) is 0-dimensional, and E itself 
is PT-unstable, then any maximal destabilising subobject of E is 0-dimensional. 

Lemma 2.26 (Base change preserves the heart). Let L/K be a field extension. Let p : 
Xi — > Xk be the induced morphism. If E e ^''{Xk), then p*E e W{Xi). 

The following proof was suggested to me by Ziyu Zhang. 

Proof. Take any F e Co\\>2{Xk). Consider the torsion-filtration of p*F, 

Gq QG\ c G2 £ G3 - p*F 

where G,- is the maximal subsheaf of p*F of dimension < i; this filtration is unique BHLi 
p. 3]. Take any cr e Aut(L/A'). Then for any /, we find that cr*G,- is again a subsheaf of p*F 
of dimension at most /. By the maximality of G,, we have cr'Gi c G,. However, cr*G,- and 
G, have the same Hilbert polynomial, and so they must be equal. Thus each G,- is invariant 
under cr* for all cr e Aut(L//r), and so by descent theory for sheaves, there are subsheaves 
G, of F in CoHXk) such that G, = G, ®k L for each /. If Gi ^ 0, then Gi also, 
contradicting F € Coh>2iXK). Hence p*F e Coh>2(X£). 

That p*(Coh<i(X^)) c Coh<i(XL) is clear Thus, since p* is exact, for any E e JI''{Xk) 
we do have p'E € WiX^). a 

Proposition 2.27 (Base change preserves PT-semistability). Let k <z K <z L be field exten- 
sions, and p : Xi ^ Xk the induced map, where X is a smooth projective three-fold over k. 
Suppose E 6 ^'\Xk), with cho(E) + and ch(i(E),chi(E) coprime. If E is PT-semistable, 
then p*E is also PT-semistable. 

Notation. Following [TodjJ, we define, for a three-dimensional Noetherian scheme Y, the 
following subcategories of JViY) 

^1{Y) :- ffji : F is a pure 2-dimensional sheaf, x e X), 

^[l^iY) := {£ e Ji^iY) : Hom(F, £) = for all F e jf^]. 
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As mentioned in BTodll . an object E e ^p{Y) is in ^[{Y) iff H '(£) is 2-dimensional and 
H^\E) is 0-dimensional, while it is in ^^^2(7) iff is torsion-free and Hom(i^.,-, E) = 
for any skyscraper sheaf For any smooth projective three-fold Y, we also define the 
dualising functor 

D : d\Y) D'^Yy : E m RJ^omiE, ^yYI]). 

Proof. Since p* preserves the Chern character, using Corollarv l2.25l we just need to show 
that Hom(^^, p*E) - for all closed point x e Xl, where ff^ denotes the skyscraper sheaf 
with value L supported at x. 

Since E is PT-semistable, E e J^l^^. Then ^(E) e ^^[^^ c by flbdT] Lemma 2.17]. 

And so p*B{E) e by LemmaElS] However, B>{p''E) s p''B{E), so D(/7*£) 6 D^cmxlY 
implying Homo(Xi)(D(p*£'), ^x[-l]) - for all closed point x e Xk- Since 

Homo(x,)(D(/,*£), ^,[-1]) - Homo(x,)(D(p*£), D(^,)) 

s nomD{XL){^x,P*E), 

we have shown that p*E cannot be PT-unstable. □ 

Remark. The proof above takes a different track from the sheaf case. In the sheaf case 
OLanl. the argument is as such: suppose LjK is a field extension over k. Form the base 
extension 

Xl 9- Spec L 

p 

Xk ^ Spec K 

where Xk - X®k K and Xi-X®k L. Given a ju-semistable sheaf E e Coh(XK), we show 
that p*E is //-semistable by considering the maximal destabilising subobject £0 £ P*E. 
Since the inclusion £0 ^ p*E is invariant under Galois automorphisms of L/K, we can 
use descent theory for sheaves to conclude that descends to Xk, i.e. is the puUback 
of a sheaf on Xk- However, this argument relies on the uniqueness of HN filtrations for 
sheaf stability conditions. For polynomial stabilities in the derived category, we only have 
uniquness of HN filtrations up to isomorphism, which is not enough in order to make use 
of descent theory for sheaves. 

3. Openness and Separatedness of PT-Semistability 

3.1. Openness of PT-Semistability. By Proposition |2.24| given any PT-semistable object 
E E with nonzero rank, the following conditions are satisfied: 

A. H^\E) is torsion-free and semistable in Coh3 

B. //"(£■) is 0-dimensional; 

C. UomD(x)(k„ £■) = for all xeX. 

(That H^^{E) is semistable in Coh3j(X), and not just ju-semistable, is not hard to see.) 

Let us show that these three conditions together form an open condition for flat families 
of objects in in the derived category. To prove this, we use the following fact: in a 
Zariski topological space, a set is open if and only if it is constructible and stable under 
generisation. 

Proposition 3.1. For flat families of objects in J^C of nonzero rank, properties A, B and C 
together form an open condition. 
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Proof. To start with, let us prove that properties A, B and C together are stable under 
generisation. Let (R, n) be a DVR, and let £ be a flat family of objects in over Spec R 
such that the central fibre LCE satisfies propeties A, B and C. 

Suppose H^\j*E) is not torsion-free. Then we can find a pure 2-dimensional subsheaf 
F c j*H^^{E) with torsion-free cokernel, giving us an injection F[l] ^ j*H^^{E)[l] in 
JIP. We can extend F to an /?-flat family Fr of pure 2-dimension sheaves, and extend 
the composition F[l] ^ j* H^\E)[l] ^ j*E to a morphism qr : Fr ^ E whose de- 
rived restriction to Xk is nonzero. But then im(L(*a'R), a sheaf sitting at degree -1, would 
be a 2-dimensional subobject of Ll'E, contradicting H^^(Ll*E) being torsion-free. Thus 
H~^(j*E) must be torsion-free. The proof that HomD(Xt)(kx, Ll* E) - for all x e 
implies HomD(XK){k.i, j* E) - for all x e Xk is similar. 

To see why H^{j*E) is 0-dimensional, write £ as a complex £■* = [■■■ ^ — » E^] 
where each E' is a locally free sheaf sitting at degree /. By assumption, H^(Ll*E) = 
l*H'^(E') is 0-dimensional. By semicontinuity, H^{j*E) = j*H^(E) is also 0-dimensional. 

Next, suppose H^^{j*E) is not semistable in Cohsj. Let F ^ j*H^^(E) be a torsion- 
free sheaf that represents the maximal destabilising subsheaf in Coh3 i. Then we have 
the inequality pi^\{F) > /?3 i for the reduced Hilbert polynomials. We can 
then extend F to a torsion-free sheaf Fr on Xr whose central fibre is also torsion-free and 
semistable in Cohsj [HL, Theorem2.B.l]. Then the composition j*H^'^{E)[\] ^ 
j*E extends to a morphism Fr[1] E orXr whose central fibre is a nonzero morphism 
ao : i*FR[l] — > Ll*E. Note that im(Q'()) is a sheaf sitting at degree -1. 

Now we have an exact sequence of coherent sheaves 

tFR ^ im(ao)[-l] ^ //"(kerao) ^ 0, 

and p3,i{i*FR) < pij(im/3) < /:i3,i(im(ao)[-l]). On the other hand, we have p3,\iF) > 
P3,iU*H^^(E)) = P3,\{H^^{Ll*E)) (the last equality follows from the /^-flatness of E, and 
both tfii.LL'E) and Ff\j*E) being 0-dimensional). Overall, we have /:'3,i(im(Q'o)[-l]) > 
P3,iiH^\LL*E)), making im(Q'o)[-l] a destabilising subsheaf of H \Ll*E) in Coh3_i, a 
contradiction. 

It remains to show that, given a noetherian scheme S over k, and a flat family E of 
objects in yi'' over S with fibres Es satisfying cho + 0, the locus in S over which Es 
satisfies properties A, B and C is constructible. Using a flattening stratification, we can 
assume that each of the cohomology sheaves //'(£) of E is flat over 5. Since each of 
properties A, B and C is an open condition for flat families of sheaves, we are done. □ 

Lemma 3.2. Fix an integer r > 0. For any d,fi, n, define the set of injections in JV 

S :— {Eq E : Eq is a maximal destabilising subobject of E in JV\ 

where E has properties A, B and C and ch(E) - (-r, -d,/3, n)}. 

Then the set 

Ssuh '--{Eq: £■() ^ E is in S] 

is bounded. 

Proof. Take an injection Eq ^ Ein S. Then Zsq cannot be 1 -dimensional, or else it would 
not be destabilising for E, which is 3-dimensional. And £0 cannot be 2-dimensional, for 
H^^(E) is torsion-free. Since E has property C, neither is £0 0-dimensional. Hence £0 has 
to be 3-dimensional. 

Since £0 is PT-semistable, we know //"(/io) is 0-dimensional, as is H^{E). Therefore, 
the semistability of H^^(E) in Coh3_i implies that we have the equalities p3,\{H~^{Eo)) = 
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/73, !(//"'(£')) = p3^i{E). And because (f>{Eo) > <piE), there is a lower bound for chiiEo), 
say chjiEo) > a. Then chiiE/Eo) has an upper bound, namely n- a. Therefore, we have 
chi(H^\E / Eo)) = -(chi(E/Eo) - chj(H^{E / Eq))) > a - n, i.e. there is a lower bound for 
ch^(H-HEIE^)). 

On the other hand, H^^E/Eq) and H^^E) have the same /?3j, while we have a quotient 
H-UE) H-\E/Eo) in Cohaj. By the semistability of H-UE) in Coha.i, H-\E/Eo) is 
also semistable in Coh3j. In particular, H^^iE/Eo) is /i-semistable. Therefore, by ItMaH 
Theorem 4.8], the set 

{H'\EIEq) : £0 '-^ £■ is in S] 

is bounded. Therefore, {ch},(H^^(E /Eq)) : Eq ^ EinS] is bounded, which implies 
{chi,{H^\E I Eq)) : Eq ^ E m S] is bounded from above (since ch-iiElEo) is so, from the 
previous paragraph), hence bounded. However, for any £0 ^ £ in .S, the sheaf H^(E/Eo) 
is a quotient of the 0-dimensional sheaf H^(E). Hence {H^\E/Eq) : Eq ^ £ in <S} is 
bounded, implying 

{E/Eo -.Ea^E in S) 

is bounded. This is a little more than we need. However, that {ch(E/Eo) : Eq ^ E in S} 
is bounded now implies {ch(Eo) : Eq E in S} is bounded. This, coupled with the 
boundedness of PT-semistable objects |Lo Proposition 3.4], implies that the set 

Ssub - {Eo : Eo ^ E in .5} 

itself is bounded. □ 

Proposition 3.3 (Openness of PT-semistability). Let S be a Noetherian scheme over k, and 
E € D'\X Xspecjt S)be a flat family of objects in over S with cho + 0. Suppose sq € S 
is a point such that Es^ is PT-semistable. Then there is an open set U Q S containing sq 
such that for all points s e U, the fibre E^ is PT-semistable. 

Proof. Since Chern classes are locally constant for flat families of complexes, we may 
assume that choiEs) + for all 5 € 5. By Proposition 13. II we can assume that the fibre 
£5 satisfies properties A, B and C for every 5 6 5. Since Ssub is bounded, using the same 
argument as in [Todl , Proposition 3.16] and [iTod2 Proposition 3.17], we know that there 
exists a scheme tt : Q — > 5 of finite type over S , a relatively perfect complex e D(XxQ) 
(see ULiel Definition 2.1.1]) that is a flat family of objects in ^''(X) over Q, and a morphism 
or : <fo — > Eq such that, for every q € Q, the fibre : (S'^yig — > (-E'q)^ = E„^g) is an injection 
in ^P{X) with <p{So)q > 'PiEQ)q, and any maximal destabilising subobject Eq ^ E^ for 
some s e S occurs as a fibre Uq of a where q e n^^(s). 

If we can show that sq i T^iQ), then we can conclude that PT-semistability is an open 
condition. Suppose sq € Ji{Q). Then we can find a smooth curve C, a closed point p & C, 
and a map -y . C —> S taking p to sq, making the diagram commute: 

C \ {p} Q 



where W denotes the generic point of Spec S'c.p- Let W denote Spec S'^p. The restriction 
a\w '■ Solw — > Eq\w is then an injection in ^''(X x W) with <p(Si,)\w) > (I>(Eq\w). Let Bw 
denote a maximal destabilising subobject of Solw with respect to PT-semistability. Since 
H~^(Eq\w) is torsion-free, either Bw is 0-dimensional (hence a sheaf) or is 3-dimensional. 
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Then we have an injection a'^ : Bw ^ Eq\w where Bw is PT-semistable. By the proper- 
ness of quot scheme (if Bw is 0-dimensional) or Theorem 12.231 (if Bw is 3 -dimensional, 
hence of nonzero rank), we can extend Bw to a flat family B of PT-semistable objects over 
W. By IITodll Lemma 3.18], we can extend a'y^ to a morphism a' . B ^ Eq\^ with 
nonzero central fibre, which gives a destabilising subobject of the central fibre of figl-jy, 
namely Es„, contradicting the PT-semistability of Es^. This shows sq i. 7r(2), thus proving 
the proposition. □ 

The property of being PT-stable is easily seen to be an open property, too: 

Proposition 3.4 (Openness of PT-stability). Let S he a Noetherian scheme over k, and 
E € D'\X Xspect S)be a flat family of objects in over S with cho + 0. Suppose sq & S 
is a point such that E^g is PT-stable. Then there is an open set U Q S containing sq such 
that for all points s e U, the fibre Es is PT-stable. 

Proof. By Proposition |33] it suffices to assume that £ is a family where each fibre Es is a 
PT-semistable object. Then we can consider the set 

S' := {£■() : £0 is a subobject of E^ for some s E S, and 0(-£'()) = (piEs)] 

as in the proof of Lemma |3T2l Since {ch(Eo) : E^ e ^S'} is bounded, and each E^ e S' 
is necessarily PT-semistable, the set S' itself is bounded. Exactly the same proof as in 
Proposition |3 . 31 would then yield the result. □ 

3.2. Separatedness for PT-Stable Objects. Note that, for objects F,G e D\Xr), the 
/^-module Hom£)ft(XR)(^, G) is finitely generated and 

(20) Homo.(;f„)(f , G)®rK^ \\omDHx,){F ®« K, G ®r K) 

as in llTbdTl Lemma 3.18]. Since Coh(y) is a fuU subcategory of D*(y) for Y ^ Xk or Xr 
(being the heart of the standard t-structure), when F,G e Coh(Xs), the above isomorphism 
becomes 

Homcoh(x«)(^', G)^rK ^ Homcoh(A'^-)(^ ®« K, G K). 

Proposition 3.5 (Valuative criterion for separatedness). Let X be a smooth projective three- 
fold over k, and R an arbitrary DVR over k. Let E\,E2 € D'^(Xr) be flat families of objects 
in over Spec R, and suppose j*E\ = j*E2 in D''{Xk). Suppose both Li* Ei, Ll*E2 are PT- 
semistable objects in JV(Xk) and at least one of them is PT-stable. Then the isomorphism 
j*E\ = j*E2 extends to an isomorphism E\ = E2. 

Proof. Let / : j*Ei — > j*E2 be the given isomorphism in D''{Xk). Then there exists an 
integer m such that 7r"'f extends to a morphism 7T'"f : £1 — > £2 on Xr, and Lt*(7r'"/) 
by llTbdTl Lemma 3.18]. That is, G := im(Li*(;r"7)) * 0. 

If Ll^Ei is stable, and ker(Lt*(;r"7)) * 0, then <P{Ll*Ei) < 4>(G) but 0(G) < ^(Ll*E2), 
which is impossible since (f){LL*E\) - (/>{Ll*E2) (since Ll*Ei,Li*E2 have the same Chern 
character). So ker {LL*(7r"'f)) = 0, meaning Li*(7T'"f) is an injection between objects in Jl^ 
of the same Chern character on Xk, and is necessarily an isomorphism. 

If Lt*E2 is stable, and coker(Lt*(;r"'/)) ^ 0, then (f>(LL'Ei) < 0(G) while 0(G) <: 
(P(Ll*E2), again a contradiction. So coker {LL*{n'" f)) must be 0, i.e. LL*{ji"'f ) is a surjection 
between objects in of the same Chern character, and is necessarily an isomorphism. 

In any case, n"'f : Ei — > £2 restricts to an isomorphism on X^. Let M be the homotopy 
kernel of tt'"/, so we have an exact triangle in D''(Xr) 

M ^ Ei'U E2 ^ M[l]. 
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That LL*(n"'f) is an isomorphism means Ll*M - 0. And this implies M itself is zero by 
IILiel Lemma 2.1.4]. That is, n'" f is an isomorphism. □ 

4. Moduli Spaces of PT-Semistable Objects 

By Lieblich's result OABLI Corollary A. 4], there is an Artin stack locally of finite pre- 
sentation 

&mp{X) Spec/t 

such that, for any scheme B over Spec k, the fibre of the stack over B is the category of 
complexes E E D'^{Xb) such that for each point b ^ B, the fibre £1,!, obtained by derived 
pullback lies in the heart ^''(Xh). If we fix a Chern character ch = (-r, -d,/3, n), then we 
have a closed substack ^^^(X) whose fibres are categories of families of complexes in J?!'' 
with the prescribed Chern character. Then, by openness of PT-semistability (Proposition 
13.31 1 and openness of PT-stability (Proposition l3.4l ). we have open substacks 

whose fibres are categories of families of PT-stable and PT-semistable objects, respectively, 
with Chern character ch. 

By boundedness of PT-semistable objects |Lo, Proposition 3.4], both the moduli stacks 
^'J^f^\X) and ^^''/^""(X) are Artin stacks of finite type. Theorem lZlSl savs that the stack 
i^'^f^'XX) is universally closed, while i^^f^\X) is separated by Proposition[33] 

When there are no strictly semistable objects, such as when r, d are coprime, we have 
that ^^'/^'-'(X) - Si^^f^^iX) is a proper Artin stack of finite type. Alternatively, as in 
BTodlL we can consider the moduli functor from schemes over Spec k to sets 

^ : (Sch/Spec k) (Sets) 

that takes a scheme B over Specfe to the set of complexes E E D''{Xb) such that, for 
each point b e B, the fibre E\i, obtained by derived pullback satisfies Hom{E\t,, E\i,) - k 
and E\t^^ (E\i„ E\i,) - 0. Inaba Una. Theorem 0.2] showed that the etale sheafification of 
this functor is represented by a locally separated algebraic space, in the sense of IKnul . 
Fixing a Chern character ch, we obtain a subfunctor ^"i' that takes a scheme B to the 

^ ' cn,PTs 

set of families of PT-stable objects over B with Chern character ch. As in the previous 
paragraph, by our results on boundedness, openness, separatedness (Proposition [33]) and 
universal closedness, ^^^^ is a proper algebraic space of finite type. 
This completes the proof of Theorem ll.il 
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